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Abstract. In this paper we study genus 2 curves whose Jacobians are (4, 4)-isogenous to 
a product of eUiptic curves. Such Jacobians are called (4, 4)-split. We consider base fields 
of characteristic different from 2 and 3, which we do not assume to be algebraically closed. 
We give a generic model such that any genus 2 curve with geometrically optimally (4, 4)- 
split Jacobian can be obtained as a specialization. We also describe the locus of (4, 4)-split 
Jacobians in the moduli space of genus 2 curves. 

Our main tool is a Galois theoretic characterization of genus 2 curves admitting multiple 
Richclot isogenics. We also give a general description of Richelot isogenics between Jacobians 
of genus 2 curves. Previously, only Richelot isogenics with kernels that are pointwise defined 
over the base field were considered. 



1. Introduction 

Let k he a field and let C be a curve of genus 2 over k. Let J = Jac(C) be its Jacobian. 
We say that J is split over /c if J is isogenous over to a product of elliptic curves Ei x E2. 
The nature of this isogeny can be classified (see Section [2] for definitions): 

Theorem 1 (Kuhn [161 PP- 45-46]). Let J be a Jacobian of a curve C of genus 2 over 
a field k of characteristic different from 2. Suppose that J is split. Then there are elliptic 
curves Ei, E2 over k, and an integer n > 1 such that Ei[n] and E2[n\ are isomorphic as 
group schemes and J is {n,n) -isogenous to EiX E2. Furthermore, the curve C admits degree 
n covers C ^ Ei and C — )■ £'2 . 

Thus, to describe split Jacobians it is sufficient to describe (n, n)-split Jacobians for every 
n. Most results in this direction (see Lange [17], Frey and Kani [9|, Kuhn [16] and Shaska 
[2T] ) are obtained by the observation that a degree n cover ip : C ^ E oi an elliptic curve 

by a genus 2 curve C induces a so-called Frey-Kani cover : — completing the 
commutative diagram 

C—^E 

pi ^pl 

One can therefore study the n-cover ip by first considering the map (f) : P^ — > P^. This 
approach has been successful in classifying the genus 2 curves with (n, n)-split Jacobian over 
algebraically closed base fields for n = 3 ( [IHl 1221 123] ) and n = 5 [IB] . The cases n = 2 and 
n = 3 were also studied classically by Legendre (1832) and Jacobi (1881); see [13 p. 477] or 
Section [31 
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In this paper, we consider the case n = 4. We are particularly interested in those (4, 4)- 
split Jacobians for which the isogeny does not factor through any elliptic curve isogenies of 
degree greater than 1. We call those Jacobians optimally (4,4)-split. In particular, we prove: 

Theorem 2. Let k be a field of characteristic distinct from 2, 3, and let C be a curve of genus 
2 over k whose Jacobian is geometrically optimally {4, 4) -split. Then there exist b,c,s G k 
such that C admits a model iC. 1\) as given in Appendix [Q 



We use the model f IC.ip to describe a birational model of the 2-dimensional locus of 



optimally (4, 4)-split Jacobians in the moduli-space of curves of genus 2. The Igusa invariants 
h, h, h, and Jio (see [11]) of a genus 2 curve C classify the isomorphism class of C over 
an algebraically closed field. They are homogeneous polynomials of degrees 2, 4, 6, and 10 
respectively in the coefficients of the defining polynomial for a model of the genus two curve. 
This moduli-space is birational to affine 3-space, as given by the absolute invariants of a 
genus two curve 



(1.1) 21 = 144-2, 22 = -1728 -3 , 23 = 486-5-. 

-'2 -'2 -'2 

Theorem 3. The absolute invariants 21,225 "^3 of a genus 2 curve with optimally {A,A)-split 
Jacobian satisfy an equation £4, of weighted degree 90, where 21, 22, 23 are given weights 2, 3, 5 
respectively. 

The equation £4 is too large to reproduce on paper: it consists of 4574 monomials with 
coefficients having up to 138 digits. We have therefore made a copy available electronically 
(see [6]). The surface described by £4 is the Humbert surface of discriminant 16 (see [T3]). 

Remark 4. In Appendix Rl we use Theorem [3] to verify a classic result by O. Bolza (see pQ). 
We find that one of his equations has a sign error and that our family is birational to his 
corrected family. 

The paper is laid out in the following way. In Section [21 we review some well-known results 
about genus two curves with (2, 2)-split Jacobians. In Section HI we review (2, 2)-isogenies 
on Jacobians of curves of genus two. The results in both of these sections will be used 
extensively throughout the rest of the paper. 

Remark 5. In Proposition [TTl we determine the appropriate twist of the codomain of a 
Richelot isogeny. Previous literature only considered the case where the kernel is pointwise 
defined over the base field (see O [TOl 125]). 

Section El outlines our strategy for constructing a genus two curve which has a (4,4)-split 
Jacobian. We do not follow the Frey-Kani approach. Instead, we show that the (4, 4)-isogeny 
factors through a (2, 2)-split Jacobian with two (2, 2)-isogenies with trivially intersecting 
kernels. 

In Section [6] we study Jacobians of genus 2 curves equipped with two (2, 2)-isogenies: 

Theorem 6. Let k be a field of characteristic disctinct from 2. The Jacobian of a genus 2 
curve 

C:Y' = f{X) 

has two (2, 2) isogenies overk if and only if the Galois group of f{X) is contained inC2^Vi C 
^6 or = ((1, 3, 5)(2, 4, 6), (12)(36)(45)) C S,. 
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Only the case Gal(/) C S3 can give rise to (4,4)-split Jacobians. This information allows 
us to prove Theorems [2] and [3] in Sections [7| and [HI 

Acknowledgements. We would like to thank Everett Howe for pointing us to Oskar Bolza's 
1887 result [1] described in Appendix |X1 We are also very thankful for the comments of an 
anonymous referee. These greatly improved the exposition in this paper. 

2. (?T,,n)-SPLIT ABELIAN SURFACES 

Kuhn proves Theorem [T] in the case that the genus two curve C admits a cover C E, 
where E is a. curve of genus 1. It follows from his argument that E has a rational point. 

Note that if Jac(C) is split then there is an isogeny Jac(C) Ei x E2. Consequently, 
we have a non-constant morphism Jac(C) — )■ Ei. We can map C — )■ Jac(C) via P t— )■ 
[2P] — K, where k G Vic^{C /k) is the canonical class. It is straightforward to check that the 
composition C — Jac(C) — Ei must be non-constant as well, so indeed C is a cover of an 
elliptic curve although this cover is almost certainly not of minimal degree. 

Kuhn also shows that if the two covers ipi : C ^ Ei and ip2 '■ C ^ E2 do not factor 
through any other genus 1 covers, then we obtain an {n,n) -isogeny: 

0^An^EixE2 ^^^^ Jac(C) -> 0, 

where A„ = ker^ipl + 1P2) is isomorphic to both Ei[n] and E2[n] as finite group schemes. 
There is an isomorphism A„ : i?i — >■ E2 such that 

A,, = {{P,X,,{P)):PeE^[n]} 

The group schemes -E'lfn], E2[n\ and Jac(C)[n] come equipped with a Weil-pairing. This 
is an alternating, non-degenerate bilinear pairing 

{. , .)e^: Ei[n] X Ei[n] fin, 

where /i„ is the group scheme of n-th roots of unity. The group scheme {Ei x -E2)['^] — 
El [n] X E2 [n] naturally has a pairing as well, by taking the product of the pairings on Ei [n] 
and -^2^- 

The statement that ipl + ip2 is an (n, n)-isogeny amounts to the fact that the kernel A„ is 
a maximal isotropic subgroup (see for instance [T9| Proposition 16.8]). This means that the 
pairing on {Ei x -^2)^ restricts to the trivial pairing on A„, and that A„ is maximal with 
that property. For any P,Q & Ei [n] we have 

1 = ((P,A„(P)),(g,A„(g)))(s,xi^.)[n] = {P,Q)E,ln] ■ (A„(P),A„(Q))s,[„]. 

Therefore, A„ is an anti-isometry with respect to the Weil-pairing. 

Conversely, we see that we can specify any (n, n)-split abelian surface by giving two elliptic 
curves Ei,E2, together with an anti-isometry A„ : Ei[n] — )■ with respect to the Weil- 

pairing (see [9]). Over the algebraic closure of k, the resulting abelian surface Ei x E2/ An 
is principally polarized, and hence, it is either the Jacobian of a genus two curve, the Weil- 
restriction of an elliptic curve with respect to a quadratic extension, or a direct product of 
two elliptic curves. In this article, we will describe what happens for n = 4. 
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3. (2, 2)-Split Jacobians 

This is a brief outline characterizing genus 2 curves with (2, 2)-spht Jacobians. See Gaudry 
and Schost's 2001 paper [10] or Chapter 14 of Cassels and Flynn [7] for a more detailed 
analysis. 

Theorem 7 (Cassels and Flynn [TJ p. 155]). Let C2 be a genus 2 curve with a (2,2) split 
Jacobian over a field k of odd characteristic and let : Jac(C2) Ei x E2 be the (2, 2) 
isogeny. Then the curves (72,-^1,-^2 admit models: 

C^-.Y^ = + C2X^ + ciX^ + Co 

E^:V^ = CsU^ + C2U2 + CiU + Co 

E2:Z^ = CoW^ + c^W^ + C2W + C3. 

Furthermore, we have the covers 

ipi : C2 El il)2: C2 -> E2 

(X,F) ^ (X2,F) ={U,V) (X,F) (1/X2,F/X3) = (VT, Z) 

Conversely, given two elliptic curves Ei,E2 with A2 : Ei[2] -H- -E'2[2], one can make an 
abelian variety A that is (2, 2)-isogenous to Ei x E2. If a model of Ei is given by = 
csU^ + C2U2 + ciU + cq, then -Ei is a double cover of the f/-line, ramified above the roots 
of c^U^ + C2U2 + ciU + Co and 00. We express E2 as a double cover of the f/-line as well, 
such that for each of the three order 2 points T G -Eip], we have U{T) = ?7(A2(T)). We 
write Oi G Ei and O2 G -^2 for the identity points. We have f/(Oi) = 00. If f/(02) 7^ 00, then 
we can ensure by an affine coordinate transformation that f/(02) = 0. This places us in the 
situation of Theorem [7] and hence we have that A = Jac(C2). 

If U{02) = 00, then we have that Ei and E2 are geometrically isomorphic and that A2 is 
induced by a geometric isomorphism Ei E2. Note that even if the j-invariant of Ei is 
or 1728, the only automorphisms that preserve full level 2 structure are [1], [—1]. Hence, if 
Ei,E2 are geometrically isomorphic with isometric 2-torsion, then E2 must be a (possibly 
trivial) quadratic twist of Ei. 

If El ^ E2, we simply recover the (2, 2)-isogeny Ei x Ei ^ Ei x Ei given by {P^Q) ^ 
{P + Q,P — Q). In general, we obtain a (2, 2)-isogeny to an abelian surface that is a Weil 
Restriction, '^k{y^)/ki^'^)-> "which is an abelian surface such that for any /c-algebra A, we have 
'^kiVd)lkiEi){A) ^ Ei{A ®u k{Vd)) (see [21 § 7.6]). 

Lemma 8. Let E be an elliptic curve over a field k of odd characteristic. Let d & k* be 
non-square and let E^'^^ be the quadratic twist of E by d. Then there is a (2, 2) -isogeny 

^^KV-^ykiE) E X E^'\ 

Proof. We write a for the generator of G8\{k{\/d) / k) . One can construct ^k{y^)/ki-E) by 
appropriately twisting the action of cr on -E x -E. In particular, one obtains 

"^HVD/kimA) = {{P, ^P):Pe E{A ®, k{^d))}. 
The isogeny arises from 

(P, '^P) ^ {P + ^P^P- ^P) 
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In order to check that this isogeny is indeed a (2, 2)-isogeny, we note that this property is 
preserved under base extension. Over k{\/d), we have: 

ExE: {P,Q) 
%^d)/kiE)^ ExE: (P + Q^p-Q) 





ExE: (2P, 2Q) 

Hence, we see that the kernel oi E x E ^fc(v^)/fc(-^) ^^'^ kernel of a (2, 2)-isogeny 
defined over k{\/d), and hence E x E ^ ^fc(Vd)/fc(-^) is a (2, 2)-isogeny itself. □ 

Remark 9. U E has a square discriminant and has non-zero j-invariant, then there are 
isometrics E[2] — £'[2] over k that do not come from an automorphism E ^ E. These lead 
to (2, 2)-isogenies between ExE and the Jacobian of a curve of genus 2. This construction 
arises in our analysis of (4,4)-split surfaces; see f l7.12p and Remark [T8l 

4. (2,2)-ISOGENIES ON Jacobians 

In this section, we introduce (2, 2)-isogenies between Jacobians of genus 2 curves, also 
known as Richelot isogenies. See also [251 Chapter 8], [H Chapter 9] or [H Section 4]. 
Let k he a field of odd characteristic, let k be an algebraic closure of k and let C be a curve 
of genus 2 over k. Then C admits a model of the form 

(4.1) C:Y' = fix) = UX' + /^X^ + . . ■ + hX + /o, 

where f{X) G k[X] is a square- free polynomial of degree 5 or 6. If /c has at least 6 elements, 
then we can assume that /e 7^ 0. There are some curves over k = F3,F5 that escape 
our analysis but their base extensions to Fg and F25 do fall within our scope. Note that 
[f^YY = fif{X) is also a model of C over /c, so it is not a restriction to insist that the 
leading coefficient is a cube. We assume that /g = g| for some q2 G k. 

Let Wi, . . . , be the roots of f{X) in k. The Weierstrass points of C are exactly Tj = 
(wj,0). The non-zero two-torsion points in Pic°(C//c) are exactly the divisor classes T^i^j} = 
[Tj — Tj] = [Tj — Ti] , and the Weil-pairing is given by 

Let J = Jac(C). The maximal isotropic subgroups of J [2] are exactly of the form 

{0, T^ii,i2}^ '^{i-iM}^ -^{js.ie}}' 

where the indices are given by a partition {{ii, 12}, {is, u}, {^5, ^e}} of {1; • • • , 6} into three 
disjoint pairs. For ease of notation, we assume that = (1,...,6). This data 

corresponds to specifying a factorization 

Fj{X) = q^X^ + gijX + goj = q2{X - W2j-i){X - W2j) 

such that 

/(X) = Fi(X)F2(X)F3(X). 
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We say that {Fi{X) ,F2{X) , Fs^X)} C k[X] is a quadratic splitting of / and if F2(X), Fi{X)} 

is stable under Gaiik/k) then we say that it is a quadratic sphtting of / over k. Note that 
the Fi{X) do not have to be individually defined over k. 

Let : Jac(C) — )■ 5 be an isogeny with kernel {0, T{i^2}, 7{3,4}, Tjse}}. This kernel is 
defined over k if and only if the corresponding quadratic splitting is. 

We know that B is either the Jacobian of a curve of genus 2 or the product of two elliptic 
curves over k. The latter happens precisely when 

/ Qo,! qi,i q2\ 

(4.2) (5 = det go,2 qi,2 q2 \ = 

\qo,3 qi,3 q2 J 

(see [251 page 117] or [71 page 89]). We say 6 is the determinant of the quadratic splitting. 
If (5 = then we say the quadratic splitting {Fi{X), F2{X), F^lX)} is singular. Otherwise, 
B is the Jacobian of a genus 2 curve and we say {Fi{X), F2{X), F^lX)} is nonsingular. We 
will determine B. 

Suppose {Fi(X),F2(X),F3(X)} is nonsingular. Then for (z, j, A;) = (1, 2, 3), (2, 3, 1), (3, 1, 2) 
we define 



G (X) - det ( ^^J*^^) ^^k{X)\ 



where 5 is defined as in fl4.2p . It is straightforward to check that {Gi{X),G2{X),G^{X)} C 
k[X] is again stable under Gal(A;/A;). For d G /c*, we consider the curve 

(4.3) Cd : dY^ = g{X) = Gi{X)G2{X)G^{X). 

Lemma 10. The polynomial g is squarefree of degree 5 or 6. 

Proof. This follows by direct computation; see [251 Page 122]. □ 

It follows that Gi is a curve of genus 2 and that B = Jac(Ci) over k. In fact, for an 
appropriate value of d, we have that B = Jac(Crf) over k. In order to see this, we consider a 
curve T C G X Gd, defined over k by 

( Fi{X)Gi{X) + F2{X)G2{X) = 
Td.l Fi(X)Gi(X)(X-X) = VdYY 

( F2{X)G2{X){X - X) = -VdYY 

If Fi, F2, -F3 G k[X] and d = 1, then is defined over k. In that case, the curve describes a 
(2, 2)-correspondence, called a Richelot correspondence, between G and C = Ci, which gives 
rise to an isogeny of the desired type (see [23 Theorem 8.4.11] or [H Section 3.1]). 

If Fi and F2 are quadratic conjugate, say over an extension k(y/d), then F3 is necessarily 
defined over k. Then the set of defining equations for F^ is Gal(A;/A;)-stable, and hence 
Frf is defined over k. Since over k, the curves Cd and F^^ are isomorphic to Ci and Fi, it 
follows from the above discussion that F^ describes a correspondence giving rise to an isogeny 
Jac(C) — )■ Jac(Crf) of the desired type. 

If Gal(/c//c) acts transitively on {Fi, F2, -F3}, then the field of definition of Q{X) = Fi{X) 
is a cubic extension A of k. The F^ are the images of Q{X) under the three possible /c-algebra 
homomorphisms A ^ k. In fact, the other cases can be described in the same manner if we 
allow y4 to be a cubic etale algebra rather than a field. Let h{T) G k[T] be a square- free 
cubic such that the Gal(A;/A;) action on its roots in k is the same as on {^1,^2,^3}. Then 
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A = k[T]/ {h{T)) and the Fj{X) are the images of some Q{X) G A[X] under the three 
possible non-constant fc-algebra homomorphisms A ^ k. We can write 

/(X)=Norm^[x]/MX](Q(X)). 

We see that specifying a quadratic sphtting of f{X) over k corresponds exactly to writing 
f{X) as a norm of a quadratic polynomial over a cubic algebra over k. This description 
allows us to concisely state which d one should choose in fl4.3p : 

Proposition 11. Let h{T) G k\T] he a square-free cubic polynomial, let A = k[T]/[h{T)) 
and Q{X) G A[X] a quadratic polynomial. Suppose that 

C:Y^ = f{X) = NoTmA[x]/klx]{Q{X)) 

is a curve of genus 2. Let d = disc(/i(T)) and let 

C:dY^ = G{X) 

be defined as in lli4-3\ ). If C is a curve of genus 2 then Jac(C) and Jac(C) are {2,2)-isogenous 
over k, with kernel as described above. 

Proof. We can prove this by considering a generic model over k. Let K = k{ho, hi, h2, qij) 
with i,j G {0, 1, 2}, let A = K[T]/{T^ + /12 + /i^ T + ho) and let Q G A[X] be defined by 

2 

i,j=Q 

We now consider the curve C : Y"^ = f{X) = Norm^[x]/fc[x](Q(-^)) over K. Let L be the 
splitting field of h(T) = + h2T^ + hiT + ho. Then L is a degree 6 extension of K. 
Furthermore, A is a cubic subfield and L = A{\/d) where d = disc(/i(T)). Over L, we have 
f{X) = Fi{X)F2{X)F^{X), where, say F^{X) G A[X] and Fi{X) and F2{X) are quadratic 
conjugate over A. Using the discussion above, we see that : Jac(C) — )■ Jac(C'rf) over A. 
Note that Cd is already defined over K. Thus over K, we must have that the codomain is 
isomorphic to some twist of Jac(Crf) that is trivial when base extended to A. For genus 2, 
this implies that it is the Jacobian of some twist of Cd- However, Cd is a generic genus 2 
curve and hence only has quadratic twists. Since any element d' G K* that becomes a square 
in A* is already a square in K* , it follows that the codomain is indeed Jac(C'rf). 

The proposition now follows by observing that any curve C over k of the required type 
can be obtained by specializing g^j-, ho,hi,h2. □ 

Note that this result does not rule out the existence of (2, 2)-isogenies between Jacobians 
that are not presented as the type given. We only prove that the codomain can be repre- 
sented as Jac(C). Abelian varieties that can be expressed as Jacobians in multiple ways are 
extremely special, though. 

5. (4, 4)-sPLiT Jacobians 

Let C4 be a genus two curve with (4, 4)-split Jacobian J4. By Theorem [H we have an 
isogeny "$4^ : Ei x E2 ^ J4 with kernel A4 C Ei[4] x -E2[4]. Furthermore, we have a 
Weil-pairing anti-isometry A4 : Ei[4] — )■ -E2[4] such that A4 is the image of the map P 1— ?■ 

(P,A4(P)). 
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Since Ei\2] C ^'jf^]? we also have A2 = A4|£;^[2] : Ei[2] — )■ -E'2[2]. Hence, we can construct an 
abelian surface A, with an isogeny 2 '■ E2 A where ker(^'2) = A2 = A4n(-E'i x£'2)[2]. 
It follows that A2 is maximal isotropic, so '^2 is a (2, 2)-isogeny. 

The isogeny ^ ^ factors through A as 



E1XE2 





*4 

Similarly, the multiplication [2] : Ei x E2 Ei x E2 factors through A as well, giving 

Eix E2 



[2] 



El X E2 

Lemma 12. The isogeny $ : A — )■ J4 zs a {2, 2) -isogeny. Furthermore, ker($) fl ker(\l/2) = 
{0}. 

Proof. The kernel of \l/2 is isomorphic to Ei[2] (= i?2[2]). Similarly, the kernel of \l/4 is 
isomorphic to Ei[A] and ker (^^2) C ker {"^4). Let H denote the image of ker (^4) under \l/2. 
Then H = ker (^4) / ker (^^2) = Z/2Z x Z/2Z. Furthermore, the Weil-pairing on H is trivial 
because it is induced by the Weil-pairing on A4. 

In order to see that ker($) fl ker(\l/2) = {0}, note that \l/2 is injective on Ei[2] x {0} and 
maps it onto ker(\l/2), because '$2°'^2 = [2]. Since <I>o\l/2 is injective on Ei[A] x {0}, it follows 
that $ is also injective on \&2(-Ei[2] x {0}) = ker(\l/2). This shows that ker($) fl ker(\l/2) = 
{0}. □ 

The diagram also shows that the analysis from Section [3] applies to A. If Ei and E2 are 
not geometrically isomorphic, then A = Jac(C2) is a (2, 2)-split Jacobian of a genus 2 curve. 
Otherwise, A may be isomorphic to ^k{Vd)/ki'^'i-) Ei x Ei. The latter case implies that 
J4 is already (2,2)-split, so that case is not interesting for describing optimally (4,4)-split 
Jacobians. 

In the next sections, we will concentrate on the general case A = Jac(C2). Remark [T71 
shows that the case where A is a Weil restriction occurs for a large part as a limit. From the 
discussion above, we see that Jac(C2) is (2, 2)-split via and has a second (2, 2)-isogeny $ 
with ker($) fl ker(\l/2) = {0}. In Section [7] we will classify such C2. 

6. 2-LEVEL STRUCTURE ON CURVES OF GENUS 2 

Let k he a field of characteristic different from 2. Any curve of genus 2 can be obtained 
by specializing (/o, . . . , /e) in the curve 

C^:Y' = fix) = f,X' + f5X' + --- + fo 

over k{f) = k{fQ, /s, . . . , /o). Similarly, any curve of genus 2 with all of its Weierstrass points 
labeled can be obtained by specializing {wi, . . . , wq, fo) in the curve 

C^:Y^ = f^{X-Wi)---{X-w^) 
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over k{w) = k{fQ,wi, . . . ,wq). Of course, one can just forget a labelling to obtain a curve 
Cf from Cw- This allows us to express k{w) as a finite extension of k{f) via 

/s = -hiwi H h We) 

h = h{wiW2 + H \- WbW&) 



fo = fawi ■■■We 



In fact, k{w) is a splitting-field of f{X) over /c(/) and Gal{k{w)/k{f)) = Sq. 

From the fact that a two-torsion point T G Jac(C)[2](A;) can be represented uniquely as 



J' 



0)], it follows that a full labelling of the Weierstrass points on a curve 



of genus 2 induces a full labelling of the two-torsion of the Jacobian of C and vice versa. 
The cognoscenti will recognize that this reflects the isomorphism Sp4(F2) ~ Sq. 

It is instructive to see how this connects to the corresponding moduli spaces. We can view 
k{w) and k{f) as the function fields of PGL2(A;)-covers of the corresponding moduli-spaces 
in the following way: The fractional linear transformations on the X-line below C induce a 
PGL2(A;)-action on k{f) and k{w). If we divide out by this action, we obtain a relation with 
the function fields of the coarse moduli spaces A^2 of curves of genus 2 and A^2(2) of curves 
of genus 2 with full level 2-structure on their Jacobians. 

^/PGL2(fc) 

k{M2{2)) 




Kf) 



■/SP4(F2) 



k{M, 



Proof of Theoreml^ As outlined in Section HJ specifying a (2, 2)-isogeny on Jac(C) cor- 
responds to a partitioning of the roots of f{x) into {{101,102}, {103,104}, {w5,Wq}}. This 
corresponds to some partial level 2 structure and specifies some intermediate function field 
C Ki G k{w). Via Galois theory, Ki corresponds to the conjugacy class of some sub- 
group of 5*6, fixing a partitioning of the type {{1, 2}, {3, 4}, {5, 6}}. Indeed, the stabilizer Hi 
of {{1, 2}, {3, 4}, {5, 6}} is of order 48 and is isomorphic to (6*2)'^ x 5*3, see FigurelH The group 
Hi has 3 orbits, of lengths 1, 6 and 8 respectively, on the set of partitionings of {1, . . . , 6} into 
3 disjoint unordered pairs: 6 partitionings that share one tuple with {{1, 2}, {3, 4}, {5, 6}} 
and 8 that do not. This gives two subgroup conjugacy classes that fix two partitionings, as 
given in Figure [H Each actually fixes three partitionings. In the given presentation we have 
that 5*3 fixes 

(6.1) {{1,2}, {3,4}, {5,6}}, {{1,4}, {2,5}, {3,6}}, {{1, 6}, {2, 3}, {4, 5}} 
and that C2 x V4 fixes 

(6.2) {{1,2}, {3,4}, {5,6}}, {{1, 2}, {3, 5}, {4, 6}}, {{1, 2}, {3, 6}, {4, 5}}. 



□ 
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k{f) 



{C2f X ^3 
S3 



((12),(34),(56),(13)(24),(15)(26)) 
((135)(246),(12)(36)(45)) 
((12),(34)(56),(35)(46)) 



C2 X 1/4 

Figure 1. Galois groups associated to intermediate 2-level structure 



Lemma 13. Let C4 be a curve of genus 2 over k and suppose that Jac(C4) is geometrically 
optimally {4, 4) -split. Then Jac(C4) is {2,2)-isogenous to Jac(C2) where C2 is a curve of 
genus 2 admitting a model of the form 

C2:Y^ = g{X) = f{X^) = c,X' + c^X' + c^X' + Co, 

such that g{X) and f{X) have the same splitting field, K, and Q8X{K/k) is isomorphic to a 
subgroup of a conjugate of S3. 

Proof. By the discussion in Section |5l we have a (2, 2)-spht abehan surface A, together with 
a (2, 2)-isogeny $ : A — )■ Jac(C4). Since we are assuming that Jac(C4) is geometrically 
optimally split, we must have A = Jac(C2) for some genus 2 curve C2. By Theorem [TJ the 
curve C2 admits a model of the form 

C2 : = g{X) = f{X^) = C3X^ + C2X^ + CiX^ + cq, 

where V"^ = f{U) is a model of an elliptic curve which is a degree 2 subcover of C2. 

Let L denote the splitting field of g and let K denote the splitting field of /. Then K is 
an extension of k, and either L is a degree two extension of K or L = K. By the discussion 
immediately prior to Lemma [T3| we must have Gal(L//c) < 5*3 or Ga[{L/k) < C2 x V4. 

Suppose Gal(L/fc) ^ S3. The three viable kernels for the (2, 2)-isogenies are given by 
the partitionings in equation ( 16. 2p . In particular, writing T{jji, for the two-torsion point 
[(wj, 0) — {wj, 0)] then there is a labeling of the roots of /(x) such that the possible kernels 
are: 

(6.3) |0,T{i_2},^{3,4},7{5_6}} 7 {0,T{i_2},7{3^5},r{4_6}} 7 {O, T{i^2} , ^{3^6} 7 ^{4,5} } 

Notice that the pairwise intersection of these kernels is in all cases {0,T|i 2}} 7^ {0}, contra- 
dicting Lemma [T2l Therefore Gal(L/A;) < 5*3. 

The three kernels of the (2, 2)-isogenies that are fixed by 6*3 are given by the partitionings 
in (16.11) . A simple verification shows that S3 acts faithfully on each of these kernels. In 
particular, if {0,Ti,T2,T3} is the kernel of the singular (2, 2)-isogeny Jac(C2) — j- -Ei x E2, 
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then 5*3 has the canonical S'3-action on {Ti,T2,Ts}. Thus, S3 has the usual S3 action on the 
roots of /. It follows / and g have the same splitting field. □ 

7. BlELLIPTIC GENUS 2 CURVES WITH 5*3 AS A GaLOIS GROUP 

In this section, we give something close to a universal model for the genus 2 curve C2 from 
Lemma [131 Since the corresponding moduli space of genus 2 curves is not a fine moduli space 
(the space A^2(2) is not even fine), a universal curve does not exist. However, by allowing 
extra parameters, we can still give a family that covers all possible C2 by specialization, 
similar to how any elliptic curve can be obtained by specializing a general Weierstrass model 
+ aiXY + asY = + aaX^ + a^X + uq. 

Let A; be a field of characteristic distinct from 2 or 3. Let C2 be a genus 2 curve over k 
with a (2, 2) -split Jacobian and let Ei be a degree 2 subcover of C2. Then Ei has a model 
V"^ = f{U) = + bU + c and Gal(/), the Galois group of /, is a subgroup of S3. In order 
to produce the family, we concentrate on the most general case Gal(/) = 53. We will argue 
later that other cases are also parametrized. 

Genus 2 curves that are 2-covers of Ei have models of the form Y"^ = g{X), where: 

,(x, = /(^! + „) 

with a,d E k (see O Section 5] or [3 Chapter 14]). The Jacobian of the genus 2 curve is 
(2, 2)-isogenous to Ei x E2, where E2 has a model: 

ty2 _ d{U -a)f{U) 

Working in the extension k\U]/ {f{U)) = k[r], the polynomials / and g factor as 

f{U) = {U -r) {U^ + rU+ (r^ + b)) 

(7.1) 1 

g{X) = — {X^ + ad- rd) [X^ + {dr + 2ad)X^ + d^r'^ + ad\ + a^d^ + bd^) 

Let h{X) denote the (monic) quartic factor of g in (17. ip : 

(7.2) h{X) =X^ + {dr + 2ad)X^ + d^ (r^ + ar + + b) . 

We want g to split over the same field as /. In order for this to occur, h must be reducible 
over k{r). Otherwise h would be irreducible and we would require a degree 4 extension over 
k{r) to split h. The following lemma from Kappe and Warren's paper [H] gives us testable 
conditions on h: 

Lemma 14 (Kappe and Warren). Let h{x) = + bx^ + d be a polynomial over a field k of 
characteristic 7^ 2 and let ±a, ±/3 be its roots. Then the following conditions are equivalent: 

(1) h{x) is irreducible overk; 

(2) The following are not squares in k: 

(i)b^- Ad, 
(a) —b + 2\fd, and 
(ill) -b - 2\fd. 

We can use Lemma [T3] to determine the conditions on a and d such that h factors as a 
product of two quadratics over k{r). In our case, the polynomial h will be reducible over 
k{r) if one of the following is true: 

(i) {dr + 2ady' — Ad^ (r^ + ar + + 6) is a square in k{r), or 
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(ii) —{dr + 2ad) + Id^/r"^ + ar + + 6 is a square in k{r\ or 

(iii) —{dr + 2a(i) — 2d\/r'^ + ar + + 6 is a square in A;(r). 

Taking the conditions one at a time, in case (El), after simplification, we require — 3r^ — 46 
to be a square. Observe that this is the discriminant of + + (r^ + 6) and hence occurs 
exactly when our original polynomial /(x) splits over k(r\ This contradicts Gal(/) = 6*3, 
so we ignore this possibility for now. 

In the remaining two cases, we require + ar + + 6 to be a square in kir). Let 
t G kir) such that r'^ ^ ar ^ a} = . Since kir) is a cubic extension of A;, we can set 
t = t2r'^ + tir + to- It follows that 



r'^ + ar + a'^ + b= (tgr^ + hr + to) 

= tY + 2tit2r^ + (ti + 2tot2) + 2totir + tl 

= {tl + 2tot2 - btl) r^ + {2toti - 2btit2 - ct^) r + (t^ - 2ctit2) . 

Equating coefficients, we obtain the system of three equations: 

tl + 2tot2 - - 1 = 
(7.3) -a + 2toti - 2htit2 - ctj = 

tlt2 



1'^ + b - tl + 2ct^t2 = 



We obtain an affine variety X in with parameters b and c. Working in Magma [3], we 
find that X has two components, interchanged by (0,^0,^1,^2) ^ {a, —to, —ti, —t2). Each 
component is a genus curve in A^. Using Magma, we can parametrize this curve. Let s G /c 
denote a parameter; then: 

(7.4) 



to 
tl 

t2 



- 2bs^ - 8cs + 
4 (s3 + bs + c) 
-s^ - 6fo2 - 4cs - 6^ 

4 (s3 + + c) 
-s^ + bs + 2c 



2 (s3 + 6s + c) 

-3s^ - b 
2 is^ + bs + c) 



For any s E k, this parametrization gives a value for a such that + ar + + 6 is a square 
in k{r). Using the parametrization, we can express the square root of + ar + + 6 as: 

-3s^ -b 2 + bs + 2c -s^ - 6bs^ - 4cs - 6^ 
-r H ; rr + 



2{s^ + bs + c) 2{s^ + bs + c) A{s^ + bs + c) 

This allows us to evaluate the expressions in (In]) and (jm]): 

In case (jn]), using our parametrization for a, we find — (dr + 2a(i) + 2d\/r'^ + ar + + 6 
becomes 

1 
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where Fi = (6s^ + 26s) — (6s^ + 2bs) r — (3s^ + 2fo^ — 12cs + 36^). This is a square in 
k{r) if and only if 

(7.5) d = -{s^ + bs + c) - a 

where □ represents any square. 

Using this parametrization for a and d, we find that g{X) = f{X'^/d + a) has the same 
sphtting field as /. The Galois group of g is indeed isomorphic to S3. In fact, its repre- 
sentation in Sq is 5*3 = ((123)(456), (23)(56)) which is not conjugate to 5*3 from Section O 
Therefore, by Lemma [131 the Jacobian of the genus 2 curve C : = g{X) does not have 
two (2, 2)-isogenies with trivially intersecting kernels. 

In case fjilll) . using the paramatrization for a, we find —{dr + 2ad) — 2d\/r'^ + ar + a'^ + b 
becomes: 

4 (s3 + bs + c) J 

where F2 = (Gs^ + 2b) r^-{2s^ + Qbs + 8c) r-(s^ + lObs^ - 20cs + 6^). This will be a square 
in k{r) if and only if 

d = Ub^ + 27c^) (s^ + bs + c)-n 
7.6 ^ , , ^ ^ ^ 

^ ^ =-D- f{s) ■ □ 

where □ represents any square and D is the discriminant of /. 

Using this parametrization, our hyperelliptic curve C2 is given by Y'^ = g{X) where: 

^ I ^6 3 is' - 2bs' - 8cs + b') 

(463 + 27c^f (s3 + bs + cf 4 (46^ + 27c^f {s^ + bs + cf 



'2 



16 (463 + 27c2) (s3 + 6s + c)^ 
(s^ + 56s^ + 20cs3 - 56^52 - 46cs - 63 - Sc^)^ 
64 (s3 + 6s + cf 

and where P is given by 

P = 3s® + 46s'' - 48cs^ + 5062s^ + 1286cs^ + Ab^s^ + 192c2s^ - 166^cs + 36^ + 166c^ 

As desired, we find that g has the same splitting field as / and that Ga\{g) ^ S3 as found 
in Section [61 The factorization for g over its splitting field is given in appendix [Bl 

Lemma 15. For any choices b,c,s & k such that we have a genus 2 curve 
(7.8) C2:Y^ = g{X) with g{x) as m f[77D . 

its Jacobian Jac(C2) is (2,2)-split and admits a second {2,2)-isogeny with trivially intersect- 
ing kernel. Conversely, if C2 is a bielliptic genus 2-curve as occurring in Lemma [Tgj then 
there exist b,c,s & k such that (17.81) gives a model. 

Proof. The first statement follows from the construction of (17.71) . 

To show the second part, assume that Jac(C2) is (2, 2)-isogenous to E1XE2. We can choose 
6, c such that Ei admits a model of the form Ei : V'^ = + bU + c. The (2, 2)-isogeny 
implies that Ei and E2 have isomorphic 2-torsion, so E2 admits a model of the form 

E2:W^ = d{U - a){U^ + bU + c). 



14 



NILS BRUIN AND KEVIN DOERKSEN 



It remains to show that we can choose a,d as in (17.41) and (17.61) . 

For any given 6, c, we can let s vary and get a one-parameter family of bielliptic genus 
2 curves with an extra (2, 2)-isogeny. This means that for any elliptic curve Ei, we can 
construct a 1-parameter family of elliptic curves i?2,s such that we have isogenics 



El X E2,s — Jac(C2) ^ B 



where \E' is the second isogeny afforded by Jac(C2). One can check that since ker \E'2l~'ker $ = 
{0}, the map ^ must be a (4, 4)-isogeny. Hence, there is an anti-isometry A : -E'i[4] — )■ -E2,s[4]. 
In particular, this means that £'2,5 is a family of elliptic curves with constant (meaning 
independent of s) 4-torsion. We write X^^(4) for the twist of the modular curve ^(4) that 
parametrizes elliptic curves with an anti-isometry to -Ei[4], which is a fine moduli space. We 
know that X(4) is a PSL2(Z/4Z)-cover of the j-line X(l), and hence that X^^{A) X{1) 
is of degree 24. 

Our construction expresses the s-line as a cover of X'^ (4). Straightforward computation 
shows that j(i?2,s) is a degree 24-function in s as well. Hence, it follows that s 1— >• i?2,s defines 
a birational map — t- X^^(4). This shows that i?2,s is a universal curve over X^^{4) and 
that, outside a locus of codimension at least 1, we can indeed choose a, d as in (I7.4p and (17. 6p . 
It remains to check that the choices of s for which our construction degenerates, correspond 
to genuinely degenerate configurations. 

Indeed, one can check that g{X) degenerates if a = a{s) = 00 or a(s)^ + ha{s) + c = 0. 
In all these situations, we have that £"2,5 is isomorphic to a twist of Ei and that the anti- 
isometry -El [2] — )■ -^2,5 [2] encoded in our choice of a corresponds to the obvious one. This 
is exactly the situation in Lemma [HI so in those cases the (2, 2)-isogenous abelian surface is 
generally not a Jacobian of a genus 2 curve. □ 

To find all (2, 2)-isogenies on C2, we consider all 15 different quadratic splittings over 
/c[r, i?]. We can then calculate the 15 distinct (2, 2)-correspondences of C2 by using the 15 
distinct quadratic splittings as described in Section HJ We are interested in finding which of 
these correspondences are defined over the base field. 

As expected, we find that one of the quadratic splittings is singular. The singular quadratic 
splitting is 

{q2{X - Wi){X - W2), q2{X - w^){X - W4), q2{X - w^){X - We)} 

where Wi are the roots of g over A;[r, R\ and g| = /g is the leading coefficient of g as listed in 
Appendix [Bl This singular splitting is due to the (2, 2)-isogeny • Jac(C2) — )■ Ei x E2. 
A representation of E2 is given by: 

(7.9) E2:W' = d{U - a)f{U) = - disc(/) ■ f{s) ■ i^U j . f(U) 

where a is given as in equation (I7.4p and d is given as in equation (17. 6p . 

We also find that applying the Richelot correspondence (14. 3 p to the 14 non-singular qua- 
dratic splittings, produces only two /c-rational sextics, with the remaining twelve defined 
over k, but not over k. The two quadratic splittings which yield the /c-rational Richelot 
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correspondences are 

(7.10) {q2{X - w^){X - We),q2iX - W2)iX - w^),q2{X - w^){X - w^)} and 

(7.11) {q2{X - Wi){X - w^), q2{X - W2){X - w^), q2{X - w^){X - w^)] . 

Notice that the singular quadratic sphtting, together with the two quadratic sphttings 
( 17.1 op and (17. lip come from the three partitionings that are fixed by S'3, given by (16. ip . 

Let Gi and G2 denote the sextics obtained by applying Richelot's construction (14. 3 p of / 
to the quadratic splittings (I7.10p and (17.111) respectively. We find that G2{X) = Gi{—X), 
and therefore that both models are isomorphic. This is expected, because Ei x E2 has an 
extra automorphism [1] x [—1]. Hence, the existence of one (4, 4)-isogeny \l/4 implies the 
existence of a second \I^4 o ([1] x [—1]), with the same codomain. 

Proposition [11] allows us to select the right twist 

C^-.Y^ = DGi{X) = F{X) where D = disc(/) = -Ab^ - 27 

(see Appendix [C] for F{X), with the extraneous factor /| removed). Looking at the denom- 
inators and the discriminant of the sextic given in Appendix [Cl we find 

26(s3 + 6s + c)^^(s6 + 56s^ + 20cs3-5fe2s2-46cs-63_8c2) 

disc(F) = 



(4fe3 + 27c2)^^ (3fe4 + 18cs3 - 6fe2s2 - Qhcs - 63 _ 9c2)i8 



and hence 



Proposition 16. The model C4 describes a genus 2 curve unless one of the following holds: 

(1) 463 + 27c2 = 0, 

(2) 36s^ + IScs^ - 66^52 - Qhcs - 53 - 9c2 = 0, 

(3) + 6s + c = 0, or 

(4) + 5bs^ + 20cs^ - 55232 - Abes -b^-8c'^ = 0. 

We can explain each of these degeneracies: 
([1]) In this case Ei is not an elliptic curve. 

([2]) Let 6 denote the determinant of the quadratic splitting (I7.10p . Then 

Nk[r,R]/k{S) = [Ab^ + 27c^Y {3bs^ + 18cs^ - 6bh^ - 6bcs - b^ - 9c^Y , 

so we see that in this case the (2, 2)-isogeny Jac(C2) -B is given by a singular 
quadratic splitting. Hence B is indeed not given as a Jacobian of a genus 2 curve. 
These conditions coincide with x = s corresponding to a 4-torsion point on Ei. In 
these cases we have that x = a{s) corresponds to a 2-torsion point which occur as 
degenerate cases in Lemma [15] as well. 

Hence, in these cases the intermediate abelian surface A occurring in Ei x E2 

A ^ B is not a Jacobian and E2 is isomorphic to a twist of Ei. Either the abelian 
variety A is a Weil-restriction, or A ~ i?i x E'l. In the latter case, we see that B is 
(2, 2)-split and hence not interesting for our study of optimally (4, 4)-split Jacobians. 
As described in Remark [TT] we can recover A = '^k{Vd)/ki^^) ^ limit s — )■ 00. This 

shows that if -E'i[4] admits only two anti-isometries ±A4 : Ei[A\ — j- [4] over /c, then 
the corresponding (4, 4)-split abelian variety must be the one arising from this limit. 
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Remark 17. One may wonder how C4 degenerates for the various values of s. One case, 
s = 00, was intentionally left out of Proposition [161 It is the only generically rational point 
at which the model for C4 as given is degenerate. However, if we consider the isomorphic 
model {s^yy = F{Xs'^)/s^ then we can take s = 00 to obtain the curve 

1 64 1 1 224 1 1 4 

(7. 12) C -.Y^ = -646c— + —h—X^ + 166c— + fe-X^ + Ahc-X"^ + -hX - he, 

where D = disc(/) = —4 6^ — 27 c^. The curve C describes a genus 2 curve unless D = or 
6 = 0. 

It is straightforward to check that C has an extra involution X H- ^ and hence that 
Jac(C) is (2,2)-split over k(\/lD). Indeed, if D is not a square, we see that Jac(C) is (2,2)- 
isogenous to 3?^(^y^(i?). Using Lemma [HI we see that Jac(C) is (4, 4)-isogenous to i? X-E^^), 
where E^^^ is the quadratic twist of E by D. 

Remark 18. We also see that if D is a square, then Jac(C) is (2, 2)-isogenous to E x E, 
completing Remark M The question now arises whether E x E will in general be optimally 
(4, 4)-isogenous to a Jacobian of a genus 2 curve. We can answer this question by using the 
same construction but with different parameters. By changing the coordinates on C such 
that the additional involution fixes 0, 00 rather than ±\^, we can ensure that C admits a 
model of the form stated in Theorem [3 If we set 

Ei-.V^ = U''^ + bU + c and E2 : = d{U - a){U^ + bU + c) 

then we find for 

a = -^{±VD-9c) 
6 

and an appropriate value for d, that Ei ^ E2. The question whether this glueing of E[2] 
with itself is compatible with an auto-anti-isometry of E[4] amounts to checking whether 
Equation fl7.4p can be solved for some s E k. It is straightforward to verify that this need 
not be the case. 

Corollary 19. Let E be an elliptic curve over a field k with char(A;) 7^ 2. Let D be the 

discriminant of E. Then there is an anti- isometric isomorphism A4 : E[A] — )■ £''■^^[4] with 
respect to the Weil-pairing. 

Proof. If the discriminant D is not a square, then this is clear. Remark [18] completes the 
case for square D. □ 

Remark 20. From the construction, it was already clear that (17. 9p gives a family of elliptic 
curves with constant (meaning independent of s) 4-torsion. In other words, (17. 9p gives the 
generic point on some twist of the full modular curve X(4). Thanks to Corollary [T9| we 
now see that (17. 9p parametrizes the elliptic curves with 4-torsion isometric to £''■^^[4] with 
respect to the Weil pairing. Compare 



Remark 21. There is a Galois-representation theoretic way of proving Corollary [191 Let E 
be an elliptic curve over a field k with discriminant D and let p : Gal{k/k) — )■ Aut(-E[4]) be 
the mod 4 Galois representation. We have Aut(£'[4]) ^ GL2(Z/4Z). Let H be the subgroup 
of elements that act via even permutation on the 2-torsion elements. Note that D is also 
the discriminant of the 2-torsion algebra, so p~^{H) = GaA{k / k{^/D)) . 
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Consider 

M = (^2 ^i) ^ GL2(Z/4Z) 

and let Xm : -E[4] — )■ E[4] be the corresponding automorphism. One can check that {M, — M} 
is the unique conjugacy class of GL2(Z/4Z) of size 2 and that the centralizer of M is H. It 
follows that Xm is defined over k(\/D). Furthermore, since 

we see that Xm : -^[4] — )■ i?[4] is an antz-isometry. 

Now consider the quadratic twist E^^^ of E. There is an isomorphism E — ?■ E^^^ defined 
over k{\/D), which when restricted, yields an isometry A*-^^ : £'[4] — )■ £'^^^[4]. The com- 
position A(^) o Xm : ^[4] ^ E^^^[4] is an anti-isometry. Furthermore, if a G Gal{k/k) and 
ct(/D) = -/D then a(AAf) = -Am and cr(A(^)) = -A^^). Hence, ct(A(^)oAa/) = A^^^oAm, 
so we see that E[4] and E(^)[4] are anti-isometric over k. 



8. Proof of theorems [2] and [3] 
We can now prove the main theorems given in the introduction of this article. 

Proof of Theorem [H Let C be a genus 2 curve whose Jacobian is geometrically optimally 
(4, 4)-split. Then by Lemma [T3l Jac(C) is (2, 2)-isogenous to Jac(C2), where C2 is a curve 
of genus 2, which by Lemma \T5[ admits a model of the form given in (17.71) . The model of 
the genus 2 curve which is (2, 2)-isogenous to C2 is given by Theorem [T^ and is presented in 
Appendix O □ 

Let X denote the equation of the surface of genus 2 curves with (4, 4)-split Jacobians. This 
surface is the Humbert surface of discriminant 16 and it is irreducible (see [131 Corollary 1.6] 
and [20]). 

We can calculate the Igusa invariants I2, I a, Iq, ho of C4. These are given as functions 
in b, c, and s. Using (II. ip . we obtain a system of 3 equations in the absolute invariants ii, 
^2, and is and in b, c, and s. It is too large a system to be able to use Grobner bases or 
resultants to eliminate b, c and s. 

We can, however, solve this system modulo p for various large primes p. We guessed the 
degrees and then interpolated the equation mod Pi for 93 consecutive 6-digit primes Pi. For 
each prime, we found a unique solution for the system. We then used rational reconstruction 
to solve the system mod = ni*=iP«- This yields the equation of a surface £4 in afiine 
3-space of the absolute invariants 11,12,13 of a genus 2 curve. The equation of the surface 
is too large to reproduce here: £4 contains 4574 monomials with coefficients having up to 
138 digits. We do, however, know that it is irreducible as it was the unique solution found 
modulo each of the large primes. If the equation were reducible, then there would be multiple 
solutions corresponding to the factors of £4. 

So far, we have shown C4 = X (mod A^). In fact, we claim that £4 = X. This would 
be true if we chose a bound A^ for our rational reconstruction which is greater than twice 
the max height of the coefficients of X. We had a reasonable expectation that our choice of 
A^ = Yilti Pi ~ 10^"° was large enough as all of the coefficients of £4 have much smaller size 
than \/n. 
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Proof of Theorem\^ To show £4 = A", we will show that £4 has the same zero set as X . We 
can evaluate distinct points on X by evaluating equation (IC.ll) for distinct values of (6, c, s) 
and calculating the absolute invariants of the curves. 

Without loss of generality over an algebraically closed field, we can set 6 = 1 (for a Zariski- 
open part). From a model of C4, we can find the absolute invariants as rational functions 
c, s), 22(^5 c,s), and 23(6,0,5). The expression £4 (2i(c, s), 22(c, s), 23(0, s)) = gives rise, 
after clearing denominators, to a polynomial p(c, s) of degrees at most 1800 and 4050 in c 
and s respectively. 

Proving that £4(^1,^2,^3) = for (11,12,^3) G amounts to proving that in fact 

p(c, s) = 0. Expanding p{c, s) explicitly is computationally infeasible, so instead, we evaluate 
p{c, s) over a large number of distinct values for c and s. For a fixed value s = sq, if we 
show that p{c, Sq) = at 1801 distinct values for c, then p{c, sq) is the zero polynomial on 
the line s = Sq. If we repeat this process on 4501 distinct lines s = Si then p{c, s) is in fact 
the zero polynomial. This calculation was performed in parallel on multiple computers over 
the course of several weeks. □ 



Appendix A. On a classical result by Bolza 

An 1887 paper by O. Bolza [1] discusses hyperelliptic integrals which can reduce into 
elliptic integrals by a fourth degree transformation. In modern terminology, he computes a 
model of a genus 2 curve with a (4, 4)-split Jacobian. In this section we relate his results to 
ours. The formulas given here are available electronically from [B]. Bolza works over C. He 
gives a 3-parameter family of curves y"^ = R{x), with parameters A, /i, z/, with a sign error in 
the equation (1A.3P below. Corrected, Bolza's family is given by: 

C(x,,.,u) ■■ = R{x) = v'x^ - QXv'x^ + 3 (4/ii/' + X^') + 2 (AA' + bvv') x^ 

+ 3 (4/iV + A'/i) x^ - QX'ux + z/. 



where 








(A.l) 


A' = 


1 


2X'^u — Xfi"^ — fiu 


^3 ' 


+ 3A/iz/ - 2/i3 


(A.2) 


f^' = 


1 


A V + Xp - 2/i2 


9 ' 


+ 3A/iz/ - 2/i3 


(A.3) 


1 

V = 


1 


2X^ -3Xfi + u 


~27 


—u^ + SXfiu — 2/i' 



He also gives the variable substitutions that turn the hyperelliptic integrals into elliptic 
integrals. In modern language, he gives the degree 4 maps from the curve Ci^x^^^u) to two 
elliptic curves. Since Bolza is only interested in curves over C, he does not care to determine 
the appropriate twist, but this is easily adjusted. With 

Ax^ + 4Az/x + 3/iz/ _ A' + 4AV'x3 + 3/iV'x^ 
~ Ax2 + 2Ax+^^^' ~ x2(A^ + 2A^x+ '^'^;-''^' x2) 

we find that C(a,/^,,/) covers the two curves 

-E'i,(A,^i,j^) : wl = XRi{zi) = X{Xzi — 2u){u' zl — 3(9A^i^' — Qjiu — Xii)z1 

+ l2{QXuu' + 3/iV + A'/i)2i + 12z/(3/i/i' - AA')) 
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and 

E2,ix,f.,u) ■■ wl = X'R2{Z2) = A'(A'^2 - '2ij'){uzl - 3{9X% - 6/iV - X'fi)zl 

+ 12(9AVV + 3/iz/' + \fx')z2 + 12i/'(3/i'/i - A'A))' 

Checking this is straightforward by verifying that XRi{zi)R{x) and X'R2{z2)R{x) are squares 
in Q(A,/i, i^){x). 

In order to find the relation between Bolza's family and the model (IC.ip . we put -E'i,(A,/i,y) 
in short Weierstrass form V'^ = U'^ + bU + c, where 

b = 3(i/2 - 3i//iA + 2/i^)2(2z/V - 5z/'^A^ + 2iy^fxX^ + IGz/^A^ - 

lOi/V^A^ - 45i/V^A^ - Gufi^X + 36z//i^A^ - 9fi^X^) 
c = - 3i//iA + 2/i=^)3(i/^ - 3i/VA - lOu^X^ - lOi/V + 841/^^^^ - 138u^ fiX^ + WOu^X^- 

30i^VA + 68z/V^A^ - 78z/V^A^ - 288z/VA^ - 2//^^ + 30i^V^A^- 
189i^VA^ + 738i^^/i^A^ - ISi/V^^ + 198//^^^^ - 729u^fi^X^- 
54i^/A^ + 324z//A^ - 54/i9A3). 

We compute the linear transformation U = l^lll^ll such that X'R2{z2) = d(U—a){U^+bU+c), 
where d is specified up to squares, and find 

_ {u^ - SufiX + 2/i3)(2t/3A - 3t/V - Au^X^ + 2;//i3A + Gtz/i^A^ - 3/i^A^) 

/iA — 1/ 

= 3(z/ - /iA)(z/2 - 3z//iA + 2/i3)(z/2 _ 6z//iA + 4z/A=^ + 4/i3 - ^f/X"^). 
From a = ^*~.f^f,l.^':^t^'^ one finds one rational choice: 

_ - 3z//iA + 2/^3) (z/3 A + 3z/2/i^ - 18z/VA^ + IGt/^A^ + lOu^^X - 15ufi^X^ + Sfi'^X^) 

u — fiX 

This shows that outside (u — /iA)(z/^ — SufiX + 2/i3) = 0, Bolza's family covers the family 
( IC.ip . The relation turns out to be birational: both (A : /i : z/) and {s : b : c) are naturally 



coordinates on weighted projective space P(l,2,3). The formulae above express {b/s'^,c/s^) 
as functions in (/i/A^, i^/A^). Via the appropriate resultant computations and polynomial 
factorizations, we find 

ij{b, c, s) = 2b^ + 366^5^ + A5b^cs + 72b^s^ + A5b^c^ + 36b^cs^ - 36b^s^ + 2m'^c^s^ - 378b'^cs^ 
+ 546^5® + 3246c^s - Slbc^s^ + 324fecs^ + 216c^ - 324c^s^ + SQlc^s^ - 27cs^ 

fx _ {2b^ - Ibb'^cs + 30b'^s^ + 9bc'^ + 90bcs^ + U5c^s'^ - 21cs^)i){b, c, s) 
A2 ~ 3{bs + c + s3)2(62 _ 6fe2 - 12cs - 3s4)2(463 + 27c2) 

—il}{b,c,sf' 

A3 " (fes + c + s3)2(62 - 66s2 - 12cs - 3s4)3(463 + 27c2) 

This shows that outside some codimension one locus, the two families parametrize the same 
curves up to twist. Note, however, that the formulas for a, 6, c, d are of weighted total degrees 
13, 26, 39, 15 in (A, v). That means that with appropriate scaling, we can adjust the square 
class of d, so the two families really do parametrize essentially the same curves. 
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Appendix B. The six roots of the defining polynomial for C2 

Let C2 be a genus 2 curve over k which is (2, 2)-isogenous to a genus 2 curve whose 
Jacobian is optimally (4,4)-split (see Lemma [T3l) . Then C2 is a degree 2 cover of an elliptic 
curve El which admits a model V"^ = f{U) = + bU + c. A model for C2 is given in (17. 7p . 

f{U) = {U -r) + rU+ (r^ + b)) 

Over k[r\/ [f/^ — (— 3r^ — 46)] = /i;[r, i?], we have the factorisation 



Using our parametrization for a and d given in equations ()7.4p and (17. 6p respectively, we can 
write down the factorization for g over k[r, R\: 

6 

(B.l) g{X) = h\{{X-Wi) 



where 



and: 



disc(/) ■ f{s) J (463 + 27c^f (s3 + bs + cf 



wi = ]^{^ (-Ss^ - 6) + (-46s - 6c) r - - 6cs + b^^R 
U72 = i (3s^ + 6) + (46s + 6c) r + 6s2 + 6cs - b'^^R 
m;3 = i (-3s2 - 6) + (26s + 3c) r - 6s2 + 3cs - b'^^R 
+ ^ (-36s - 9c) + (9cs - 26^) r - 462s - 66c) 
m;4 = i (3s2 + 6) + (-26s - 3c) r + bs^ - 3cs + 6^)/? 
+ ^ (36s + 9c) + (-9cs + 26^) r + Ab'^s + 66c 
= 1 (_3s2 - 6) + (26s + 3c) r - 6s2 + 3cs - 6^) 
+ i (36s + 9c) + (-9cs + 26^) r + Ab'^s + 66c 
^ (3s2 + 6) + (-26s - 3c) r + 6s2 - 3cs + b^^R 
+ ^ ( - 9c) + (9cs - 26^) r - 462s - 66c 



^6 2 



Appendix C. A representation for a (4,4)-split genus 2 curve 

Let El be an elliptic curve over k given hy V"^ = + bU + c for scalars 6 and c and let 
C4 be a genus 2 curve which is a degree 4 cover of Ei. Then there exists a scalar s such that 
a representation for C4 is given by Y"^ = F{X) where: 
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^ _ (s^ + bs + c) (27cs3 - 1862s2 _ 27bcs - 2b^ - m) 
~ (463 + 27c2)^ (36s4 + IScs^ - 662^2 - 6&cs - 6^ _ 9c2)3 

^ 3 + 6, + c)^ (3.^ + h) ^5 

(463 + 27c2)2 (36s4 + 18cs3 - 662s2 - 66cs - 63 - 9c2)^ 

^ 3 (s3 + 6g + c) E 

4 (463 + 27c2)^ (36s4 + 18cs3 - 662s2 - 66cs - 63 - 9c2)^ 



- (g3 + 6g + c)^ G 

2 (463 + 27c2) (36s4 + 18cs3 - 662s2 - 66cs - 63 - 9c2)^" 



(C.I) + 7r" r — 



3 



^ -(s3 + 65 + c)i7 ^2 

16 (463 + 27c2) (36s4 + 18cs3 - 662^2 - 66cs - 63 - 9c2)^ 
3 (s3 + 6s + c)^ (3s^ + 66s2 + 12cs - 6^) J ^ 
16 (36s4 + 18cs3 - 662^2 - 66cs - 63 - 9c2)^ 
- (s3 + 6s + c) JK 

+ 



64 (36s4 + 18cs3 - 662s2 - 66cs - 63 - 9c2) 



3 



and where 



E = 9cs^ - 2662s^ - 1716cs^ + 3463s^ - 333c2s^ + 15562cs^ - 66^^ + 1266c2s2 

+ 763cs + 144c^s - 26^ - 176^0^ 
G = 7s^ + 236s^ + 68cs3 - 116=^s2 - 46cs - 36^ - 20c^ 
H = 27cs^^ + 662s^° + 5856cs^ - 4026^s*^ + 2349c2s^ - 33306^cs^ + 4606^^ 

- 61566c^s^ + 141063cs^ - 7776c^s^ + 1406^ s^ + 42306^ c^s^ + 236^cs3 
+ 30246c^s^ + 466^s^ + 5166^ c^s^ + 3024c^s^ + 56^ cs - 486^ c^s + 66^ 
+ 856^0^ + 2886c^ 

J = + 56s^ + 20cs^ - 562s2 - 46cs - 63 - 80^ 

K = 27cs^ - 5462s® - 3246cs^ + 3663s^ - 891c2s^ + 3786^ cs^ - 726^^ 

+ 816c2s^ - 3663cs3 + 324c^s^ - 366^s2 - 2976^ c^s^ - 456^cs - 3246c^s 

- 26^ - 456^0^ - 216c^ 
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